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A great deal of effort has been devoted to understanding the possible connections between reso- 
nant and non-resonant x-ray probes of correlated materials. In this letter we present a comparison 
between momentum-dependent indirect resonant inelastic x-ray scattering (RIXS) and the dynami- 
cal structure factor 5(q, uj) for the single-band Hubbard model. Our results highlight the fact that 
RIXS exhibits charge as well as spin or multi-magnon energy-loss excitations with a strong incident 
energy dependence. Although indirect RIXS and #(q, uj) share a number of the same possible fi- 
nal state excitations, the cross-sections as functions of energy- loss are quite different; and the two 
spectra can not always be simply connected by resonant prefactors or by other commonly proposed 
approximation schemes. 



PACS numbers: 78.70.Ck, 74.72 -h, 78.20 Bh 

Resonant x-ray probes, such as resonant elastic and 
inelastic x-ray scattering (REXS and RIXS)[1, 2], res- 
onantly excite core electrons when tuning the incident 
photon energy to a particular absorption edge. The re- 
sulting intermediate core-hole state could connect many- 
body ground state and final excited states via pathways 
that may be inaccessible via other non-resonant x-ray 
probes, such as nonresonant x-ray and electron scattering 
which are related to the charge dynamical structure fac- 
tor S^q, uj). Tuning the incident photon energy to high- 
light different intermediate state can resonantly enhance 
certain sub dominant characters of ground state wave- 
function and final state excitations. [3] In this regard, res- 
onance probe provides more information about dynamics 
and excitations than the non-resonant response. 

Especially in correlated materials, resonance probes 
can provide wealth of information about charge, spin 
and orbital degree of freedom beyond the capability of 
non-resonant probes. However, this also has made RIXS 
difficult to interpret, because the intermediate core-hole 
state increases the complexity of the problem from an 
effective two-particle process as in the non-resonant re- 
sponse to an effective four-particle process. Researchers 
have proposed that under certain approximations such 
as small [4] and large core-hole potentials [5], RIXS could 
be connected to S(q,u;) by some resonant prefactor [4- 
6]. Experimentally, it has been shown that RIXS, or the 
extracted response function from RIXS, shares similar 
structure to 5(q, uj) [7-9]. However there is no definitive 
proof that this connection works when the intermediate 
state core-hole potential is comparable to other energy 
scales in the system, especially at transition metal K- 
edges, like that for indirect RIXS at the Cu if -edge in 



cuprates where the core-hole potential can be on the same 
order as the Coulomb interaction and other energy scales. 

In this work, we compare RIXS and 5(q, uj) utilizing 
exact diagonalization and bi-conjugate gradient stabi- 
lized methods [10], to treat both response functions on 
equal footing within the intermediate core-hole potential 
regime without further approximation. Our study yields 
several important results. First, RIXS generally cannot 
be connected simply to S(q, cj), by a resonant prefactor 
within the intermediate core- hole potential regime. Sec- 
ond, for particular incident energies, corresponding to 
specific intermediate state configurations without appre- 
ciable core-hole potential "shake-up", RIXS and S(q L ,cj) 
can be connected well by a simple resonant prefactor. 
Third, we find two-magnon excitations for all the mo- 
mentum points accessible in our calculations except at 
(7r,7r). The two-magnon peak at (0,0) is consistent with 
theoretical prediction [11], but has not been observed ex- 
perimentally, however these results may help to resolve 
this controversy given recent improvements in experimen- 
tal resolution [2]. 

The single-band Hubbard Hamiltonian that serves as 
an effective low energy model for the cuprates can be 
written as 

h = - *u4<a* + E Un it n iv (i) 

where d\ a (d- ha ) creates (annihilates) a fermion with spin 
(7 on lattice site i, t\j is the hopping integral restricted to 
the nearest- and next-nearest-neighbor, denoted as t and 
t' . U is the on-site Coulomb repulsion, and nf a is the 
fermion number operator. The momentum-dependent 
indirect RIXS cross section can be expressed using the 
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Kramers-Heisenberg formula as 
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momentum transfer; uji and Q = uJi — ujf are the inci- 
dent energy and energy transfer, respectively; T is the 
inverse core- hole lifetime; Eq is the ground state energy 
of the system absent the core-hole; \G) is the ground state 
wave function; H' = H — U c a a nf a nf a , represents the 
intermediate state Hamiltonian which includes the core- 
hole potential with strength U c , with nf a denoting the 
core- hole number operator; D is the dipole transition op- 
erator, which for example in Cu if -edge RIXS excites a 
Cu Is core electron to Ap level. The elastic lines will be 
removed for our RIXS calculations. 

We also investigate the x-ray absorption spectroscopy 
(XAS) given by 
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and the charge dynamical structure factor given by 

:Pi\G), (4) 
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Where p* = £ k ,a 4+q,a^k,a = Ei,« 

We implement exact diagonalization calculations using 
parameters taken from the analysis of ARPES experi- 
ments in the cuprates.[12] The details of the calculations 
and parameter values are described in Ref. 13. Figure 1 
shows the momentum-dependent indirect RIXS spectra 
for the half-filled, 12.5% hole-doped and 12.5% electron- 
doped single-band Hubbard model. At all dopings, RIXS 
displays strong resonances at the peaks of XAS (see the 
top row in Fig. 1). The resonance at incident energy 
~ — 20t corresponds to an intermediate state where two 
electrons are bound at the core-hole site, which lowers 
the energy to ~ — 2U C + U. The resonance at incident 
energy ~ — 14t corresponds to a single electron bound at 
the core-hole site with energy ~ — Z7 C .[14, 15] These two 
states are typically denoted the well- and poorly-screened 
intermediate states, respectively. In both processes, the 
electrons experience a strong "shake-up" by the inter- 
mediate state core-hole potential via screening. On the 
other hand, the intermediate state corresponding to an 
incident energy ~ 3t for the 12.5% hole-doped or ~ — 28t 
for the 12.5% electron-doped system, represents the state 
in which the core-hole has been created at an empty or 
a doubly-occupied site, respectively. In both cases the 
core-hole potential does not appreciably "shake-up" the 
electronic system. 

We next examine the energy loss dependence in Fig. 1. 
For half-filling (Fig. l(b)-(d)), RIXS displays a spectrum 
ranging from ~ 5t up to ~ 15t in energy loss, signal- 
ing excitations from the lower Hubbard band (LHB) to 
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FIG. 1: (a)-(d) XAS and momentum-dependent indirect 
RIXS cross-section at momentum (0,0), (tv,tv) and (0,7r) at 
half-filling in the single-band Hubbard model. The blue ar- 
rows highlight two-magnon peaks in the RIXS cross-section. 
(f)-(h) the same for 12.5% hole-doping and (j)-(l) 12.5% 
electron-doping, respectively. 



upper Hubbard band (UHB), which is mainly controlled 
by Coulomb U. The main peaks have strong momentum 
dependence with the shift to higher loss energy at larger 
momentum transfer. These features are consistent with 
various experiments [4, 7, 16, 17] and calculations [3, 14] 
carried out at the Cu if -edge in cuprates. 

The RIXS spectra also exhibit distinctive structures 
at ~ It, highlighted by blue arrows in Fig. 1, empha- 
sizing excitations of the spin degree of freedom - two- 
magnon excitations [11, 18-22]. Single-magnon excita- 
tions are forbidden in this case due to spin conservation, 
as we have neglected spin-orbit coupling. A strong two- 
magnon peak appears for momentum transfers of (7r, 0); 
however, no two-magnon low energy peaks appear at 
(7r, 7r), as reported in recent if -edge RIXS measurements 
in LCO.[18, 19] However, we obtain two-magnon exci- 
tations at momentum transfer (0,0), which are symme- 
try allowed by the core- hole intermediate states. Similar 
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FIG. 2: Momentum- dependent RIXS and S^q, uj) in the half-filled single-band Hubbard model highlighting the (a) well- 
screened intermediate state at incident energy Ei n — — 21. 2t and (b) poorly-screened intermediate states at Ei n — — 13.85£. (c) 
RIXS at the well-screened intermediate state incident energy [from (a)] vs. 5(q, uj) multiplied by a Lorentzian prefactor given 
by ((ujf — uJres) 2 + T 2 f)~ 1 ((uji — Ures — | 1 ) 2 + ) ~ 1 , where uj re s is a free parameter. [7] We consider equal incident /outgoing 
photon lifetimes (I\ — Y /) for fitting. Note that the elastic lines of S(c[ = 0,lj) have been removed. 



findings had also been reported in early calculations [14], 
however no experimental confirmation of the two-magnon 
feature at momentum (0, 0) has been reported, although 
recent improvements in resolution may resolve this issue. 

When hole-doped and electron-doped (Figs. 1(f)- 
(h)and l(j)-(l), respectively), the well-screened interme- 
diate state mainly contains excitations across the Mott- 
gap, while the poorly-screened intermediate state show 
excitations both within the LHB and across the Mott- 
gap. This is consistent with recent intermediate state 
density of states calculations. [15] In the doped system 
low-energy charge and spin excitations should be located 
within the same energy-loss range, making it hard to dis- 
tinguish between the two excitations. For the case in 
which the core-hole is created at an empty or a doubly- 
occupied site, the RIXS spectra only exhibit excitations 
within the LHB. 

To make comparisons between RIXS and 5(q, cj), in 
Fig. 2 we plot the RIXS spectra at intermediate states 
with the core-hole well- and poorly-screened, compared 
to 5(q, uj) at half-filling. When uj > 5t, 5(q, uj) (black 
dotted) and the RIXS spectra (colored solid) generally 
span the same energy range at a given momentum trans- 
fer, and both shift to higher energy at larger momentum 
transfer. However, their overall intensities are very dif- 
ferent: at momentum (0,7r/2), (0,7r) and (7r,7r/2) the 
RIXS spectra have more weight at lower energy and a 
lower threshold; at momentum (7r,7r) and (7r/2,7r/2) the 
RIXS spectra and 5(q, uj) exhibit different main peaks 
and weights. Another striking difference lies in the (0, 0) 
momentum transfer. For /S(q, uj) no energy loss exci- 
tations are allowed since the charge operator p^ =0 (see 
Eq. 3) commutes with the Hamiltonian; however, vari- 
ous excitations exist in RIXS and there is no such sym- 
metry that forbids excitations. Moreover, RIXS spectra 
exhibit two-magnon excitations at low energy may be 



similar to the excitations revealed by the spin structure 
factor [6]. To investigate the conjecture that RIXS and 
5(q, uj) can be connected by a simple resonant prefactor, 
we compare RIXS at the well-screened intermediate state 
with £(q, uj) multiplied by a fitted Lorentzian prefactor 
as shown in Fig. 2(c). These results show that these two 
spectra only agree at momentum (0,7r) and (7r/2,7r/2), 
thus a simple Lorentzian prefactor can not in general ad- 
dress the complicated differences between the spectra. 
The above analysis from half-filling also applies to other 
dopings for the poorly- and well-screened intermediate 
states, as shown in Fig. 3(a)-(b)and(d)-(e). 

We find that in some limited cases RIXS and S^q, uj) 
agree well with one another, specifically for charge exci- 
tations within the LHB. This happens when the core- hole 
is created at an empty [Fig. 3(c)] or doubly-occupied site 
[Fig. 3(f)] for certain intermediate states, in which case 
the core-hole does not significantly "shake-up" the elec- 
trons, and the effect of the intermediate core-hole state 
can be neglected or is less prominent. Thus the com- 
plicated four-particle RIXS process could be simplified 
to the two-particle *S'(q, uj) process. Our results show 
that if the core-hole "shakes-up" the electrons when U c 
is comparable to the other energy scales, RIXS deviates 
from £(q, uj); if there is a lack of this "shake-up" or core- 
hole screening, when U c is extremely large or small when 
compared to the other energy scales, or for particular in- 
termediate states, RIXS may be approximated by £(q, uj) 
with a resonant prefactor. In other words, the "shake- 
up" or screening is the key factor which differentiates 
RIXS from £(q, uj) in the range of intermediate value of 
U c , consistent with other theoretical results. [15] 

In summary, we have employed exact diagonaliza- 
tion to study indirect RIXS in the half-filled, hole- and 
electron-doped single-band Hubbard model over a wide 
range of incident energies and compared it to *S'(q, uj). In 
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FIG. 3: Momentum dependent Cu if -edge RIXS and 5(q, u) 
at 12.5% hole-doping [(a)E in = -21. 2* (b)E in = -U.2t 
(c)E in = 3.78*] and 12.5% electron-doping [(d) E in = -19.75* 
(e)E in = -13.33* (f)E in = -26.88*]. We note that the elastic 
lines of 5(q = 0, uj) have been removed. Blue, red and purple 
lines represent RIXS spectra with the intermediate state hav- 
ing the core-hole well-screened, poorly-screened and created 
at an empty/doubly-occupied site, respectively. 



general, the RIXS spectra show two-magnon excitations 
and exhibit inelastic excitations at momentum transfer 
(0,0) , not captured by 5(q, uj). The RIXS spectra 
at well-screened and poorly-screened intermediate states 
and 5(q,o;) are significantly different for charge excita- 
tions both within the LHB and across the Mott-gap. In 
contrast, RIXS at empty or doubly-occupied intermedi- 
ate states for various dopings reproduce 5(q, uj) for ex- 
citations within the LHB. Our calculations demonstrate 
that although indirect RIXS has support on the same set 
of final state charge excitations as 5(q, uj), the weights 
associated with each response function for each excitation 
are quite different and the two spectra generally could not 
be correlated by a simple prefactor. We further conclude 
that whether RIXS and ^(q, uj) share similar weight de- 
pends strongly on the incident photon energy implying 
the importance of the intermediate state in RIXS; and 
the coincidence of RIXS and 5(q, uj) is related to the lack 
of significant core-hole "shake-up" at these intermediate 



states. 
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